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Linear algorithms for phase retrieval in the Fresnel region.
2. Partially coherent illumination
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Abstract

Analytical expressions for the spatial distribution of the spectral density and intensity of projection images are derived for a broad
class of object transmission functions in the case of partially coherent Schell-model-type incident illumination. The expressions are linear
with respect to the phase distribution in the transmitted wave. Associated methods for phase retrieval are discussed with the emphasis on
a technique that allows simultaneous ‘‘automatic’’ phase retrieval and deconvolution of projection images of homogeneous objects by
means of mutual cancellation at a specified defocus distance of the Fresnel diffraction effects and the image blurring due to the point-
spread function of the imaging system.
� 2005 Elsevier B.V. All rights reserved.
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1. Introduction

We have recently developed a method [1] for the reconstruction of the phase distribution in the transmitted beam from
measured intensity of projection images, that represents a combination of the well-known approaches based on the trans-
port of intensity equation (TIE) and the first Born approximations [2–6]. This phase retrieval method is deterministic and
essentially linear with respect to the unknown phase. However, the derivation in [1] was carried out in the context of
monochromatic illumination, hence the relevant effects of temporal and spatial coherence properties of the incident illu-
mination have not been investigated. Effects of quasi-homogeneous incident illumination on in-line phase-contrast imag-
ing of objects with slowly varying transfer function have been studied in [7] using the stationary phase method. In the
present paper, we extend the method to the case of partially coherent Schell-model-type illumination [8] in order to make
it directly applicable for quantitative imaging with realistic sources. Our primary target area of application is X-ray
phase-contrast imaging, where the incident illumination is typically produced using either incoherent polychromatic
microfocus laboratory sources or synchrotron beamlines utilising bending magnets, undulators or wigglers; all such
sources have non-trivial temporal and spatial coherence properties. Recently, several types of new X-ray sources have
also been the subject of active research and development (see e.g. [9,10]). In all these cases, the coherence properties
of the incident radiation may be affected by various optical elements of the imaging system, such as monochromators,
mirrors, lenses, slits, etc. Finally, the effect of the detector system must also be taken into account if quantitative imaging
0030-4018/$ - see front matter � 2005 Elsevier B.V. All rights reserved.
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or phase retrieval are to be achieved. All these factors are incorporated into the model of the imaging system that is con-
sidered in the present paper.

It is well known that in general the expressions for the spectral density and intensity of projection images are non-
linear with respect to the phase distribution in the transmitted wave immediately after the object. Typically, this phase
distribution needs to be retrieved from the measured intensity data in order to perform quantitative analysis of the sam-
ple. This non-linear inverse problem, which is an example of the optical phase retrieval problem, has been investigated
under a variety of conditions [6,11,12]. Note that related methods for diffraction tomography have been proposed
that do not include an explicit phase retrieval step [13,14], however, equivalent implicit reconstruction of the complex
amplitude of the transmitted beam still constitutes an important component in these methods. In the present paper, we
demonstrate that in the case where the images are collected in the Fresnel region, the phase retrieval problem can be
linearized for a broad class of samples with transmission functions that can be approximated by a sum of a slowly vary-
ing function and a rapidly varying function with a small magnitude. Unlike a similar approach originally proposed in [1]
here we show that the conditions on the object transmission function should be combined with appropriate conditions
on the illuminating wave. An important factor in such an extension is a careful separation of the slowly and rapidly
varying components of the phase and intensity of the incident wave, that have to be treated differently [7]. We derive
an expression for the spatial distribution of the spectral density and intensity of projection images collected in the Fres-
nel region as a function of the spectral density distribution of the ‘‘effective’’ source, the slowly varying envelopes of the
phase and spectral density of the incident wave in the object plane, the object transmission function and the geometrical
parameters of the imaging setup. This expression is linear with respect to the phase of the radiation incident on the
object and the phase of the object transmission function. This allows us to present a deterministic non-iterative solution
for the phase retrieval problem for images collected in the near-Fresnel region, i.e., the region where the Fresnel number
is larger than one. Note that here the Fresnel number is understood as the ratio, NF = a2/(kR 0), of the square of the
smallest feature size, a, to the product of the wavelength of the radiation, k, and the effective defocus distance, R 0

(see details below).
We also demonstrate that if the phase and logarithm of intensity of the transmitted wave immediately after the object

are proportional to each other (this is the case, for example, for uniform illumination of objects consisting of a single
material), then a very simple method for ‘‘automatic’’ simultaneous phase retrieval and deconvolution of the projection
image originally suggested in the monochromatic case in [15] can be extended to the case of partially coherent Schell-
model-type illumination and realistic detector systems. Provided that the images are collected at a specified defocus dis-
tance, no post-processing of the images is required in order to achieve both phase retrieval and spatial deconvolution
simultaneously. This is because at this defocus distance the blurring of the image due to the total point spread function
(PSF) of the imaging system (which incorporates the blurring due to the spectral spread, the finite size of the source, the
detector PSF and the geometrical magnification) is cancelled out by the Fresnel diffraction effect. The phenomenon is
similar to the Scherzer defocus in electron microscopy [2]. This method quantifies and optimises the well-known fact that
in-line phase contrast can sharpen the images even in the case of partially coherent spatial radiation. Consequently, it
appears that some effects of the partially coherent illumination that are usually considered detrimental and leading to
the loss of image contrast and resolution, can in fact be utilised in a beneficial way to counteract the effects of Fresnel
diffraction that can otherwise also degrade the visual quality of projection images. We believe that this approach to opti-
misation of the performance of projection imaging systems will be useful in a variety of applications using laboratory and
synchrotron sources.
2. Projection image contrast under partially coherent illumination

Let a source of an ergodic spatially partially coherent polychromatic beam be located close to the optic axis z upstream
from the ‘‘source’’ plane z = �R1 (Fig. 1). We assume that the radiation emitted by the source possibly passes through one
or more optical elements before reaching the ‘‘object’’ plane z = 0. Let the incident cross-spectral density [8] of the beam in
the object plane be equal to Win(x,y,x 0,y 0,m) exp [ik(x 02 + y 02 � x2 � y2)/(2R1)], where (x,y) and (x 0,y 0) are the Cartesian
coordinates of two arbitrary points in the object plane, m is the frequency, k is the wavenumber (k = 2pm/c = 2p/k, where
c is the speed of light in vacuum) and Win is a function whose properties are determined by the source, the optical elements
and the geometrical layout of the illumination system. Here, the exponential factor corresponds to the paraxial approxi-
mation of secondary spherical waves ‘‘emitted’’ from individual points in the source plane in accordance with the Huygens–
Fresnel principle. As will be seen below, such an explicit inclusion of the parabolic phase term in the description of the
incident wavefront is convenient when dealing with small sources.

Let a thin object be located immediately upstream of the object plane z = 0 (Fig. 1). The object is characterized by its
transmission function Q(x,y,m), Q = qexp (ikw), where q � |Q|. Then the spectral density in the ‘‘detector’’ plane z = R2 can
be expressed as a dual Fresnel integral with respect to the spatial arguments, (x,y) and (x 0,y 0) [8]



Fig. 1. Schematics of in-line imaging as considered in the present paper, including a polychromatic partially coherent source, possible optical elements
making up an illumination system, a thin object and a detector.
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where R 0 = R2/M is the effective defocus distance and M = (R1 + R2)/R1 is magnification. It is straightforward to verify
that the spatial Fourier transform, Ŝðn; g;R2; mÞ ¼

R R
exp½�i2pðx2nþ y2gÞ�Sðx2; y2;R2; mÞdx2 dy2, of the spectral density

has the following simple form:
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;
g
M
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� �
¼

Z Z
exp½�i2pðxnþ ygÞ�W in xþ an; y þ ag; x� an; y � ag; mð ÞQ�ðxþ an; y þ ag; mÞ

� Qðx� an; y � ag; mÞdxdy; ð2Þ
where a = kR 0/2. In order to take into account the effect of the detector system, one also needs to multiply Eq. (2) by the
modulation transfer function (MTF) of the detector, D̂ðn=M ; g=M ; mÞ.

Let us consider a model for partially coherent incident illumination which corresponds to a simple generalization of the
Schell-model source (for which the spatial coherence properties depend only on the distance between points on the source
plane) [8]. We assume that the function Win in the incident cross-spectral density in Eq. (1) has the following form:
W inðx; y; x0; y0; mÞ ¼ ½Sinðx; y; mÞ�1=2 Sinðx0; y0; mÞ
� �1=2

ginðx0 � x; y 0 � y; mÞ exp ik winðx0; y 0; mÞ � winðx; y; mÞ
� �	 


; ð3Þ
where gin(0, 0,m) = 1 by definition at all frequencies. Setting x 0 = x and y 0 = y in Eq. (3) we see that Win(x,y,x,y,m) =
Sin(x,y,m), i.e., the function Sin(x,y,m) coincides with the incident spectral density distribution in the object plane. Then,
by definition [8], the incident spectral degree of coherence in the object plane is equal to gin(x 0 �x,y 0 �y,m)
· exp{ik[win(x 0,y 0,m) � win(x,y,m)]}exp [ik(x 02 + y 02 � x2 � y2)/(2R1)]. Hence, Eq. (3) implies that, similarly to the case of
a Schell-model source, the absolute value of the spectral degree of coherence in the object plane, |gin(x 0 � x,y 0 � y,m)|, de-
pends only on the distance between points in the object plane. When win � 0 and R1 ! 1, Eq. (3) exactly corresponds to
the cross-spectral density of a Schell-model source [8]. In our model, apart from the explicit parabolic phase factor, we
allowed for an additional incident phase term, kwin, to be present in the incident wave. This term may describe, for exam-
ple, aberrations of the optical elements of the illumination system. It is instructive to note that the model of incident illu-
mination defined by Eq. (3) includes a number of important practical cases, such as the polychromatic plane and spherical
incident waves, radiation from extended spatially incoherent sources, as well as incident illumination from bending mag-
nets at synchrotrons [16]. Natural generalizations of some of these cases, i.e., quasi-plane and quasi-spherical incident
waves and radiation from quasi-homogeneous sources also represent special cases of the model defined in Eq. (3) [7]. When
win � 0 and also the incident spectral density is a slowly varying function of transverse spatial coordinates, so that the
approximation [Sin(x,y,m)]1/2[Sin(x 0,y 0,m)]1/2 ffi Sin((x 0 + x)/2, (y 0 + y)/2,m) can be applied, then the expression in Eq. (3)
corresponds to the cross-spectral density in the case of a quasi-homogeneous secondary source [8]. We will consider these
special cases in more detail in the next section after deriving the desired linearized approximation for the spectral density
distribution in the object plane.

It is convenient to introduce a function Ssrc
n which is a rescaled inverse Fourier transform of gin
ginðx; y; mÞ ¼
Z Z

exp �i2p
xx0 þ yy 0

kR1

� �� �
Ssrc
n x0; y0; mð Þdx0 dy 0. ð4Þ
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The function Ssrc
n is a normalised version of Hopkins�s ‘‘effective source’’ [17], i.e., the theoretical source that creates inci-

dent illumination with the degree of coherence equal to gin in the far-field. The normalization simply means that the inte-
gral of Ssrc

n over the spatial coordinates (x 0,y 0) is equal to one, which immediately follows from Eq. (4) and the fact that
gin(0,0,m) = 1. Note that at least for large source-to-object distances R1 and quasi-homogeneous sources with narrow spa-
tial distribution of the spectral degree of coherence, the function Ssrc

n coincides with the actual normalized spectral density
distribution in the source plane in agreement with the van Cittert–Zernike theorem [8].

Substituting Eq. (3) into Eq. (2) and taking into account Eq. (4) and the detector MTF, we obtain
Ŝðn; g;R2; mÞ ¼ P̂ ðn; g;M ; mÞŜcohðMn;Mg;R0; mÞ; ð5Þ

where P̂ ðn; g;M ; mÞ is the total MTF of the system
P̂ðn; g;M ; mÞ ¼ Ŝ
src

n ð�ðM � 1Þn;�ðM � 1Þg; mÞD̂ðn; g; mÞ; ð6Þ

Ŝ
cohðn; g;R0; mÞ ¼

Z Z
exp½�i2pðxnþ ygÞ� ~Q�ðxþ an; y þ ag; mÞ ~Qðx� an; y � ag; mÞdxdy; ð7Þ
and ~Q � ðSinÞ1=2 expðikwinÞQ is the object transmission function modified to take into account the incident spectral density
and phase. The MTF of the system, P̂ , reflects the properties of the source and the detector, as well as the geometrical
parameters R1 and R2. Comparing Eq. (2) with Eq. (7) one can see that the function Ŝ

coh
corresponds to the Fourier trans-

form of the spectral density in the detector plane in the case of a coherent illumination, gin(x,y,m) � 1. Therefore, Eq. (5) is
a direct generalization (written in a Fourier space representation) to the case of a Schell-model-type incident illumination
(defined in Eq. (3)) of a well-known formula which states that the image spectral density in the case of a spatially incoherent
source is a convolution of the spectral density distribution of the source and the PSF of the detector with the coherent
image formed with a point source and an ideal detector. Note that the minus sign appearing in the arguments of the func-
tion Ŝ

src

n in Eq. (6) corresponds to the fact that the spectral density distribution in the detector plane is inverted with respect
to the source (in agreement with the usual ray-optics picture of image formation). A result resembling Eqs. (5)–(7) was
recently stated in [18]. A similar equation was also obtained earlier in [19].

Taking the inverse Fourier transform of Eq. (5), we can obtain an expression for the spectral density in the detector
plane as a function of transverse spatial coordinates (x,y)
Sðx; y;R2; mÞ ¼ M�2

Z Z
Scoh x00=M ; y00=M ;R0; mð ÞP x� x00; y � y00;M ; mð Þdx00 dy00; ð8Þ
where
Pðx; y;M ; mÞ ¼
Z Z

Ssrc
n ðx0; y0; mÞD xþ ðM � 1Þx0; y þ ðM � 1Þy0; mð Þdx0 dy0 ð9Þ
is the total PSF of the system and Scoh(x,y,R 0,m) is the corresponding spectral density distribution in the case of coherent
incident illumination. The last function is equal to the inverse Fourier transform of the function Ŝ

cohðn; g;R0; mÞ defined by
Eq. (7). Eq. (8) can be interpreted in the conventional way as a convolution of the PSF of the imaging system with the
coherent image corresponding to a point source.

Integrating Eq. (8) over m we obtain the following expression for the time-averaged intensity distribution in the detector
plane:
Iðx; y;R2Þ ¼ M�2

Z Z Z Z Z
Scoh x00 þ ðM � 1Þx0

M
;
y 00 þ ðM � 1Þy0

M
;R0; m

� �

� Ssrc
n ðx0; y0; mÞD x� x00; y � y00; mð Þdx0 dy0 dx00 dy 00 dm. ð10Þ
Having obtained the general formulae, Eqs. (5)–(10) for the spatial distribution of the spectral density and intensity of a
projection image under the Schell-model-type illumination satisfying Eq. (3), we now consider relevant properties of the
object under investigation. We can always represent any modified transmission function as ~Q ¼ expð�~lþ i~uÞ, where
~l and ~u are real functions. Note that in general Eqs. (5)–(10) are non-linear with respect to the phase ~u. One would have
to solve this non-linear equation in order to analyse the distribution of the refractive index in the sample on the basis of
measurements of the transmitted spectral density. If one is able to linearize Eqs. (5)–(10) with respect to the phase, the
solution to the latter inverse problem is likely to become much simpler. We now proceed with a formulation of conditions
on the incident illumination and the object transmission function that will allow us to derive a linear approximation to Eqs.
(5)–(10), similar to the one proposed in [1]. This approximation represents a combination of the well-known TIE and first
Born approximations [2], but imposes less restrictive conditions on the sample and the incident illumination.

Let d 0 be the spatial resolution limit of the imaging system in Fig. 1. The value of d 0 is determined by the spatial and
temporal coherence properties of the source, as well as by the geometric parameters R1 and R2 and the properties of



T.E. Gureyev et al. / Optics Communications 259 (2006) 569–580 573
the detector system. In particular, it follows from Eq. (5) that if the system�s MTF is negligibly small for all (n,g) such that
(n2 + g2)1/2 > 1/d1, then d 0 P d1/M. Let 1/d00 be twice the minimal radius of a sphere, with centre at the origin of coordi-
nates in Fourier space, outside which the spatial Fourier transform of ~Q is negligibly small in magnitude. It can be then
shown (e.g., by substituting the spatial Fourier transform of ~Q into Eq. (7)) that Ŝ

cohðn; g;R0; mÞ is negligibly small for
all n and g such that (n2 + g2)1/2 > 1/d00. We set d = min(d 0,d00), choose a length h such that
h P kR0=d ð11Þ

and calculate the running averages �lh and �uh of the functions ~l and ~u, according to the following equation:
�f hðx; y; mÞ ¼ h�2

Z h=2

�h=2

Z h=2

�h=2
f ðxþ x0; y þ y 0; mÞdx0 dy0. ð12Þ
The running average �f h of an arbitrary function f is always a slowly varying function on length scales smaller than h. The
most important assumption that we make about the modified transmission function ~Q is that the remainders,
Dlh � ~l� �lh and Duh � ~u� �uh, are small
jDlhðx; y; mÞj � 1 and jDuhðx; y; mÞj � 1. ð13Þ

At the same time, we do not impose any limits on the rate of spatial variation of these remainders. Accordingly, we can
now represent the modified transmission function in the following form:
~Q ¼ Qhð1þ vhÞ; ð14Þ
where Qh ¼ expð��lh þ i�uhÞ is a slowly varying function and vh = �Dlh + iDuh is a small one, i.e., |vh| � 1. Note that the
TIE and the first Born approximations correspond to the special cases of Eq. (14) with vh � 0 and Qh � constant,
respectively.

Let us substitute Eq. (14) into Eq. (7) and use the properties of the functions Qh and vh to linearize the resultant equa-
tion. Firstly, let us use the fact that Qh is a slowly varying function to replace the functions Q�

h and Qh by their first-order
Taylor approximations
Q�
h xþ kR0n=2; y þ kR0g=2; mð Þ ffi Q�

hðx; y; mÞ þ kR0 noxQ
�
hðx; y; mÞ þ goyQ

�
hðx; y; mÞ

� �
=2 ð15Þ
and similarly for Qh. These approximations are valid for any (n,g) such that (n2 + g2) 6 d�2, because then kR 0(n2 + g2)1/2

6 kR 0/d 6 h according to Eq. (11), and hence the function Qh is indeed slowly varying over the relevant ranges of its spatial
arguments. After substituting Eq. (15) into Eq. (7), we use the identities nexp [�i2p(xn + yg)] = (i/2p)oxexp [�i2p(xn + yg)]
and gexp [�i2p(xn + yg)] = (i/2p)oyexp [�i2p(xn + yg)], and then integrate by parts to obtain
Ŝcohðn; g;R0; mÞ ¼
Z Z

exp½�i2pðxnþ ygÞ� jQhj
2 � ðiR0=kÞr? � ImðQhr?Q

�
hÞ

h i
ðx; y; mÞ

n

þ jQhj
2v�h

� �
ðxþ an; y þ ag; mÞ þ ðjQhj

2vhÞðx� an; y � ag; mÞ
o
dxdy. ð16Þ
In the derivation of Eq. (16), we have also made use of the fact that both vh and the second term on the right-hand side of
Eq. (15) are much smaller than unity, which allowed us to discard the expressions containing products of these terms. Now
we substitute the expressions Qh ¼ qh expði�uhÞðqh � expð��lhÞÞ and vh = �Dlh + iDuh into Eq. (16) to obtain
Ŝ
cohðn; g;R0; mÞ ¼

n
½q2h�

^ðn; g; mÞ � ðR0=kÞ½r? � ðq2hr?�uhÞ�
^ðn; g; mÞ

�2 cos½pkR0ðn2 þ g2Þ� q2hDlh

� �^ðn; g; mÞ þ 2 sin½pkR0ðn2 þ g2Þ�½q2hDuh�
^ðn; g; mÞ

o
; ð17Þ
where the hat symbol, \ ^ ", denotes the spatial Fourier transform (as defined above after Eq. (1)) of the preceding expres-
sion in square brackets. The first line of Eq. (17) corresponds to the TIE-type approximation applied to the slowly varying
function Qh ¼ qh expði�uhÞ, while the second line corresponds to the scattered wave in the first Born type approximation
applied to the function jQhj

2vh ¼ �q2hDlh þ iq2hDuh.
Taking the inverse Fourier transform of Eq. (17), we can obtain an expression for the spectral density in the detector

plane in the case of coherent illumination
Scohðx; y;R0; mÞ ¼ q2hðx; y; mÞ � ðR0=kÞ r? � ðq2hr?�uhÞ
� �

ðx; y; mÞ

� ½2=ðkR0Þ�
Z Z

sin pðx02 þ y02Þ=ðkR0Þ
� �

½q2hDlh�ðx� x0; y � y0; mÞ
	

� cos½pðx02 þ y02Þ=ðkR0Þ�½q2hDuh�ðx� x0; y � y 0; mÞ


dx0 dy 0. ð18Þ
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Eq. (18) is obviously linear with respect to the phase ~u � �uh þ Duh. Note that both the phase and the intensity terms
present in Eq. (18) contain contributions from the incident wave, as well as the object, as by definition ~u ¼ kwinþ
argQ and ~l ¼ � lnðSinÞ=2� ln jQj.

3. Special cases

In this section, we consider several important special cases of Eqs. (5)–(10), (17) and (18) which occur in practice when a
particular type of imaging system is employed or a particular class of samples is investigated.

We first consider the illumination conditions. Eqs. (5)–(10), (17) and (18) have been obtained using a rather general
model of partially coherent incident illumination described by Eq. (3). Later in Eq. (13), we imposed additional restrictions
on the incident distributions of spectral density and phase. Eq. (13) requires that these distributions, lnSin and kwin, can be
approximated by slowly varying functions, ln Sin

h and kwin
h , with the remainders, j ln Sin � ln Sin

h j and jkðwin � win
h jÞ, both

being much smaller than unity. The shortest scale of variation, h, of the slowly varying components ln Sin
h and kwin

h must
satisfy Eq. (11). We previously noted that the model of incident illumination described by Eq. (3) includes the cases of plane
and spherical incident waves, as well as radiation from extended spatially incoherent sources. Let us now see how Eqs. (17)
and (18) look in these particular cases.

(1) As noted earlier, when win � 0, Eq. (3) corresponds to the case of a Schell-model illumination. When additionally Sin

is a slowly varying function such that [Sin(x,y,m)]1/2[Sin(x 0,y 0,m)]1/2 ffi Sin((x 0 + x)/2, (y 0 + y)/2,m), Eq. (3) corresponds
to a quasi-homogeneous source, with Eqs. (5)–(10), (17) and (18) describing the corresponding spectral density and
time-averaged polychromatic intensity distributions in the image plane. Finally, when Sin(x,y,m) = Sin(m), Eq. (8)
together with Eq. (18) becomes a combined TIE + Born equation [1] for an extended spatially incoherent source
where the image is a convolution of the spectral density distribution in the source plane and the detector PSF with
a coherent image formed with a point source. Note that the linearization is not essential to the forgoing; a similar

result will apply to the general Ŝ
coh

of Eq. (5).
(2) When Ssrc

n ðx; y; mÞ ¼ dðx� x1Þdðy � y1Þ, Eq. (8) trivially reduces to a convolution of the detector PSF with Eq. (18)
divided by M2 and evaluated at the point ([x00 + (M � 1)x1]/M, [y00 + (M � 1)y1]/M,R 0,m). This corresponds to the
case of a quasi-spherical incident wave from a small spatially coherent source with centre located at the point
(x1,y1,�R1). In particular, when one also has win � 0 and Sin(x,y,m) = Sin(m), Eq. (8) with Eq. (18) transforms into
the combined TIE + Born equation for a point source.

(3) When M = 1, Eq. (8) reduces to a convolution of the detector PSF with Eq. (18), with R 0 replaced by R2, i.e., it trans-
forms into an equation describing the spectral density distribution of an in-line image in the case of a quasi-plane
incident wave. In particular, when one also has win � 0 and Sin(x,y,m) = Sin(m), Eq. (17) transforms into the conven-
tional TIE+Born equation for a plane wave obtained earlier in [1] in the case of a coherent plane incident wave.

Now we shift our attention to special classes of samples. We have previously assumed that a sample under investigation
is fully characterised by its transfer function, Q(x,y,m) = q(x,y,m) exp [ikw(x,y,m)]. Here, we consider two important special
classes of such samples, namely those with negligible absorption (‘‘pure phase’’ samples) and those consisting predomi-
nantly of a single material (‘‘homogeneous’’ samples) [20]. For pure phase samples one has q(x,y,m) � 1, while homoge-
neous samples are characterized by the proportionality relationship between the attenuation and phase,
kw(x,y,m) = c(m)lnq(x,y,m) (the proportionality constant c(m) is equal to the ratio of the real to the imaginary part of
the complex refractive index n(m) of the object, i.e., c � d/b,n = 1 � d + ib). In both cases instead of a complex unknown
distribution, Q, one has a single real unknown distribution, w (the constant c(m) is assumed to be known). Consequently,
the equations for projection image contrast can be simplified in these cases. In particular, Eq. (17) in the Fourier space
representation takes the following simple form in the case of uniform illumination (Sin(x,y,m) � Sin(m)) and pure phase
objects
Ŝ
cohðn; g;R0; mÞ ¼ SinðmÞ dðn; gÞ � ðR0=kÞ r2

?�uh

� �^ðn; g; mÞ þ 2 sin pkR0ðn2 þ g2Þ
� �

½Duh�
^ðn; g; mÞ

n o
. ð19Þ
Taking into account the slowly varying nature of the function �uh and the fact that the Fourier transform of �ðR0=kÞr2
? is

equal to 2pkR 0(n2 + g2), i.e., to the leading term of the Taylor expansion of the sine function in the last term of Eq. (19), it is
possible to merge the second and third terms of Eq. (19) into a single expression
Ŝ
cohðn; g;R0; mÞ ¼ SinðmÞ dðn; gÞ þ 2 sin pkR0ðn2 þ g2Þ

� �
~̂uðn; g; mÞ

n o
. ð20Þ
Note that Eq. (20) is expressed in terms of the total phase function, ~u � �uh þ Duh ¼ kðwin þ wÞ. This result was first ob-
tained by Guigay [21], with the validity conditions expressed in the form |u(x + an,y + ag,m) � u(x � an,y � ag,m)|� 1,
where a = kR 0/2 as above (see also [22]).
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In the case of a uniform illumination (Sin(x,y,m) � Sin(m)) with win(x,y,m) � 0 and a homogeneous object we obtain from
Eq. (17)
Ŝ
cohðn; g;R0; mÞ ¼ ½q2h�

^ðn; g; mÞ 1þ cpkR0ðn2 þ g2Þ
	 


� 2 q2hDl
� �^ðn; g; mÞ cos½pkR0ðn2 þ g2Þ� þ c sin pkR0ðn2 þ g2Þ

� �	 

.

ð21Þ

This result was first obtained in [1], here we have presented it in a slightly different (equivalent) form. Noting that cosh +
c sinh ! 1 + ch when h tends to zero, and proceeding similarly to the derivation of Eq. (20) we can simplify Eq. (21)
Ŝ
cohðn; g;R0; mÞ ¼ SinðmÞ½q2�^ðn; g; mÞ cos pkR0ðn2 þ g2Þ

� �
þ c sin pkR0ðn2 þ g2Þ

� �	 

. ð22Þ
Eq. (22) is expressed in terms of the total modulus of the transmission function q ¼ expð��lh � DlhÞ. This result represents
an extension of the results obtained earlier for slowly varying homogeneous objects in [20], for weak objects in [23] and for
objects with weak absorption and with the phase shifts satisfying the Guigay condition (see above after Eq. (20)) in [22].

Eq. (22) transforms into Eq. (20) when c ! 1, i.e., for pure phase objects. In order to verify the latter limit it is sufficient
to use the identity ½q2�^ðn; g; mÞ ffi dðn; gÞ þ 2c�1ûðn; g; mÞ which is valid when c ! 1. Even more importantly, at large but
finite values of c Eq. (22) represents a natural Tikhonov-type regularization of Eq. (20), and as a consequence Eq. (22) is
very stable with respect to noise in the experimental images at low spatial frequencies [24]. Indeed, Eq. (22) implies
½expð2c�1uÞ�^ðn; g; mÞ ffi Ŝ
cohðn; g;R0; mÞ

SinðmÞfcos½pkR0ðn2 þ g2Þ� þ c sin½pkR0ðn2 þ g2Þ�g
. ð23Þ
The denominator in Eq. (23) is sufficiently different from zero at low spatial frequencies. Therefore, the presence of absorp-
tion in the object increases the robustness of phase retrieval from projection images. This point is developed further in the
next section, where we consider the effects of partially coherent illumination and detector PSF on phase retrieval in the case
of homogeneous samples.

We should mention, however, that the numerical experiments that we have performed so far seem to indicate that at
least for slowly varying transmission functions, Eq. (23) tends to produce less accurate results than the original equation
from [20] (i.e., the equation that can be obtained from Eq. (23) by replacing cos by 1 and sin by its argument in the denom-
inator). Note that in the latter case Eq. (23) and its simplified version from [20] both represent valid, but different, approx-
imations to the full non-linear equation for the object-plane phase distribution. The accuracy of the two approximations
may need to be compared and analysed in more detail in the future.
4. Phase retrieval in the near-Fresnel region with partially coherent illumination

In an earlier paper [1], we have discussed linear methods for phase retrieval in the near-Fresnel region. These methods
were based on a model similar to Eq. (14) in the case of a plane monochromatic incident wave. Effectively, in that case we
had to solve an equation similar to Eq. (17), but with win � 0 and Sin(x,y,m) = Sin(m), in order to reconstruct the transmis-
sion function of the object. In the case of partially coherent illumination that is considered in the present paper, we can
reduce the problem to the one solved earlier in the coherent case.

Let us first consider Eq. (10). This equation corresponds to experiments in which only the polychromatic time-averaged
intensity can be measured for one or several different distributions of the incident spectral density and possibly with dif-
ferent values of geometrical parameters R1 and R2. A more favourable situation, where experimental measurements can be
performed at individual wavelengths using either quasi-monochromatic incident radiation or energy-resolving detectors,
has been studied in detail in [25]. If measurements at individual wavelengths are not available, then often a simplifying
assumption is used that the spatial distribution of the source spectral density is approximately the same at all wavelengths,
i.e., Ssrc

n ðx; y; mÞ ¼ I srcn ðx; yÞ. Then the latter spatial distribution can be eliminated from Eq. (10) by means of numerical
deconvolution. The effect of the detector PSF can be taken into account in a similar manner. These operations generally
require the functions Ssrc

n and D to be known quite accurately, with this knowledge coming either from separate experimen-
tal measurements or from computer modelling as was done in [26]. After that one has to deal either with Eq. (17) in the case
of monochromatic data or with its integral over m in the polychromatic case. The latter case is, of course, more difficult; a
solution to this phase retrieval problem in the TIE approximation for weakly absorbing objects was recently reported in
[27]. In the monochromatic case, one only has to solve Eq. (17), i.e., reconstruct the modified object transmission function
from the spectral density distribution at a fixed wavelength in the detector plane. Solutions to this problem in the case of a
plane incident wave were obtained in [1] for pure phase objects, objects consisting of a single material or general objects. It
was shown that in the first two cases a unique solution can be obtained from a single measurement of the spatial distribu-
tion of spectral density at fixed wavelength and distances R1 and R2. In the case of a general object with uncorrelated
absorption and refraction properties, a single measurement of this kind is insufficient, and at least two measurements



576 T.E. Gureyev et al. / Optics Communications 259 (2006) 569–580
are required either at different values of the defocus distance R 0 or at two different radiation wavelengths. The main dif-
ference between the problems considered in [1] and similar ones naturally arising in the present context is in the existence of
non-trivial distributions of the incident phase and spectral density distributions, win and Sin, which are ‘‘mixed up’’ with the
object transmission function. Generally, this requires an additional experiment for quantitative characterization of the inci-
dent illumination to be performed prior to the experiments with ‘‘unknown’’ samples. The characterization experiment
would consist of measurements of the ‘‘flat field’’ images (images without any samples) at the same wavelengths that will
later be used for analysis of samples. The spectral density distribution over the detector plane has to be measured at two or
three different defocus distances R 0 [6]. These experimental data can then be used to reconstruct the functions win ¼
w

in

h þ Dwin and ln Sin ¼ ln Sin
h þ D ln Sin, e.g., using the method proposed in [1] for general objects. After that, one is able

to perform experiments with unknown samples, recover the modified transmission function, ~Q � ðSinÞ1=2 expðikwinÞQ,
and use the identities argQ ¼ arg ~Q� kwin and jQj ¼ j~Qj=ðSinÞ1=2 for the reconstruction of the unknown object
transmission function.

In view of the above arguments it appears unnecessary to reproduce here the phase retrieval formulas already described
in detail in [1], and elsewhere, in the case of coherent illumination. In order to make use of these results in the case of par-
tially coherent illumination satisfying the model of Eq. (3), one need only combine the steps described in the previous par-
agraph with the results from [1]. Perhaps, a less well-known method for phase retrieval relevant to the main topic of the
present paper was recently proposed in [15]. There a novel method for simultaneous ‘‘hardware’’ phase retrieval and decon-
volution was developed in the context of monochromatic illumination. Here, we extend this method to partially coherent
illumination described by Eq. (3).

Consider the following expression for the spectral density distribution in the detector plane that can be obtained in the
case of uniform incident illumination of a homogeneous object from Eqs. (5) and (22)
Ŝðn; g;R2; mÞ ¼ SinðmÞ½q2�^ðMn;Mg;R0; mÞP̂ ðn; g;M ; mÞ cos pkR0M2ðn2 þ g2Þ
� �

þ c sin pkR0M2ðn2 þ g2Þ
� �	 


. ð24Þ
The corresponding ‘‘coherent’’ contrast transfer function (CTF) for homogeneous objects, Ccoh(Mn,Mg,R 0,m) � co-
s [pkR 0M2(n2 + g2)] + c sin [pkR 0M2(n2 + g2)], is shown in Fig. 2 for M = 1, k = 0.1 nm, c = 68.7 and R 0 = 2.84 cm (except
for M, the same parameter values are used in numerical simulations below). Also shown in Fig. 2 are the corresponding
‘‘partially coherent’’ CTF Cðn; g;R0; mÞ ¼ P̂ðn; g;M ; mÞCcohðMn;Mg;R0; mÞ and the system�s MTF, P̂ ðn; g;M ; mÞ. There we as-
sumed that the MTF has the form P̂ ðn; g;M ; mÞ ffi ½1þ cpkR0M2ðn2 þ g2Þ��1. As one can see, in this case the combined ‘‘par-
tially coherent’’ CTF is flat at low spatial frequencies. This indicates that the corresponding imaging system is free from
low-order aberrations. Let us consider this point in more detail for a broader class of system MTFs.

As explained above, the expression cos [pkR 0M2(n2 + g2)] + c sin [pkR 0M2(n2 + g2)] in Eq. (24) can be replaced by
1 + cpkR 0M2(n2 + g2) in the case of slowly varying transmission functions. We also assume that the system�s MTF is a
slowly varying function on the ‘‘length’’ scale M/d. In other words, we make an assumption that the spatial resolution
of the system is well matched with the finest structure details in the object. Then the MTF can be approximated by the
second-order Taylor expansion, P̂ðn; g;M ; mÞ ffi

P2
m¼0

P2�m
n¼0

1
m!n! o

m
n o

n
gP̂ ð0; 0;M ; mÞnmgn. It is easy to see, that the partial deriv-

atives of the MTF in the Taylor expansion coincide with the moments of the PSF [15,28], i.e., omn o
n
gP̂ ð0; 0;M ; mÞ ¼

ð2piÞmþnm!n!pmnðM ; mÞ, where
pmnðM ; mÞ � ð�1Þmþn

m!n!

Z Z
xmynP ðx; y;M ; mÞdxdy. ð25Þ
We assume that the PSF is symmetric, so that p01 = p10 = p11 = 0 and p02 = p20 > 0. We denote the latter second-order mo-
ment by p2 � p20 and denote p0 � p00. Then P̂ ðn; g;M ; mÞ ffi p0ðM ; mÞ � ð2pÞ2p2ðM ; mÞðn2 þ g2Þ, where the second term on the
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Fig. 2. Coherent and partially coherent contrast transfer functions for homogeneous objects, together with the system�s MTF.
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right-hand side is much smaller than the first one as long as n2 + g2 6 M2d�2 according to the assumption made above
about the slowly varying nature of the system�s MTF. Using this fact and Eq. (11) we derive from Eq. (24):
Ŝðn; g;R2; mÞ ¼ ½q2h�
^ðMn;Mg; mÞ p0ðM ; mÞ þ ðn2 þ g2Þ cpkR0M2p0ðM ; mÞ � ð2pÞ2p2ðM ; mÞ

h in o
. ð26Þ
A simple formula for phase retrieval which represents an extension of the main result from [20] to the case of partially
coherent illumination follows directly from Eq. (26):
½expð2c�1uhÞ�
^ðn; g; mÞ ¼ Ŝðn=M ; g=M ;R2; mÞ

p0ðM ; mÞ þ ðn2 þ g2Þ½cpkR0p0ðM ; mÞ � ð2pÞ2M�2p2ðM ; mÞ�
. ð27Þ
In order for the phase retrieval formula to be stable with respect to noise in the measured spectral density distribution in the
detector plane, the denominator in Eq. (27) should be sufficiently different from zero for all n and g. Normally p0(M,m) > 0,
so the robustness condition becomes cR 0p0(M,m)P 2kM�2p2(M,m). Note that in the case of coherent illumination and ideal
detector we have p2(M,m) = 0, and so the robustness condition is fulfilled [20]. In the general partially coherent case the
phase retrieval algorithm, Eq. (27), is stable with respect to noise in the input data as long as the PSF of the imaging system
is sufficiently narrow to ensure that phase-contrast information is available in the measured image data (i.e., the Fresnel
fringes are not completely washed out by convolution with the PSF). Finally, when cR 0p0(M,m) = 2kM�2p2(M,m), the term
in square brackets in Eq. (26) vanishes. Let
R0
dðM ; mÞ � M�2kr2ðM ; mÞ=cðmÞ; ð28Þ
where r � (2p2/p0)
1/2 is the standard deviation of the PSF. Note also that r2ðM ; mÞ ¼ r2

DðM ; mÞ þ ðM � 1Þ2r2
SðM ; mÞ, where

rD and rS correspond to the PSF of the detector and the source, respectively. At the defocus distance R0
d the spectral den-

sity distribution becomes simply
Ŝðn; g;MR0
d; mÞ ffi ½q2h�

^ðMn;Mg; mÞp0ðM ; mÞ; ð29Þ

i.e., the image coincides with the rescaled modified transmission function. The effects of the convolution with the system
PSF and the Fresnel diffraction have cancelled each other. This condition is analogous to the Scherzer defocus in electron
microscopy [2], where Fresnel diffraction effects are optimally cancelled by the spherical aberration of an electron micro-
scope. The phase retrieval algorithm becomes trivial in this case, as can be easily seen from Eqs. (27) and (28).

The cancellation condition in Eq. (28) generally depends on the wavelength, i.e., the optimal defocus distance may be
different at different wavelengths. In the case of polychromatic incident radiation a similar condition can be derived [24] at
least in the case of uniform illumination (win � 0 and Sin(x,y,m) = Sin(m)) and weakly absorbing objects. The weakness of
absorption means that the approximation |Q(x,y,m)|2 = 1 � 2l(x,y,m) = 1 � 2kb(m)T(x,y) can be applied for the transmis-
sion function, where T(x,y) is the projected thickness of the object. Substituting this into Eq. (26), integrating over m and
taking the inverse Fourier transform with respect to the spatial coordinates, we obtain the following equation for the inten-
sity distribution in projection images:
M2IðMx;My;R2Þ ¼
Z

SinðmÞp0ðM ; mÞdm� T ðx; yÞ
Z

2kbðmÞSinðmÞp0ðM ; mÞdmþr2
?T ðx; yÞ

�
Z

SinðmÞ dðmÞR0p0ðM ; mÞ � 2kM�2bðmÞp2ðM ; mÞ
� �

dm. ð30Þ
The last equation has a simple structure: M2IðMx;My;R2Þ ¼ c0 � c1T ðx; yÞ þ c2r2
?T ðx; yÞ, and hence allows the following

solution, T̂ ðn; gÞ ¼ ½c0 � Iðn=M ; g=M ;R2Þ�=½c1 þ c2ð2pÞ2ðn2 þ g2Þ�. The robustness condition here is c2 P 0, i.e.,
R
SinðmÞ

½dðmÞR0p0ðM ; mÞ � 2kM�2bðmÞp2ðM ; mÞ�dm P 0, which is an obvious generalization of the robustness condition given above
for the monochromatic case. Finally, the intensity distribution of an image measured at the defocus distance
R0
d ¼

2
R
kbðmÞp2ðM ; vÞSinðmÞdm

M2
R
dðmÞp0ðM ; vÞSinðmÞdm

ð31Þ
is equal to
IðMx;My;MR0
dÞ ffi M�2

Z
jQðx; y; mÞj2p0ðM ; mÞSinðmÞdm. ð32Þ
If the width of the source and the detector PSFs is the same at all wavelengths present in the incident spectrum, then Eq.
(31) can be simplified
R0
d ¼

½r2
D þ ðM � 1Þ2r2

S�
M2

hkbi
hdi ; ð33Þ
where hkbi = �kb(m)Sin(m)dm/Iin, hdi = �d(m)Sin(m)dm/Iin and Iin = �Sin(m)dm.
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Using equation u(x,y,m) = �kd(m)T(x,y) for the transmitted phase in the object plane, it is also possible to derive from
Eqs. (30) and (31) the following formula for phase retrieval (at any chosen frequency m0):
uðx; y; m0Þ ¼ k0dðm0Þ
½M2IðMx;My;MR0

dÞ �
R
p0ðM ; mÞSinðmÞdm�

2
R
kbðmÞp0ðM ; mÞSinðmÞdm

. ð34Þ
By choosing the defocus distance according to Eq. (28) in the monochromatic case or Eq. (31) or Eq. (33) in the polychro-
matic case one can achieve ‘‘automatic’’ simultaneous spatial deconvolution and phase retrieval. This result is achieved by
making the Fresnel diffraction counteract the blurring due to the finite size of the PSF of the imaging system. Compared to
conventional ‘‘post-processing’’ methods for image deconvolution and phase retrieval, the above ‘‘hardware’’ method has
an obvious advantage of being insensitive to the image detection noise. The method is also applicable to the problem of
‘‘proximity gap’’ correction in lithography [24].

In order to illustrate this technique we have performed the following numerical simulation. We have considered an inci-
dent polychromatic wave with the wavelength spectrum of a tungsten X-ray tube operated at E = 30 kV. The correspond-
ing spectral density (Fig. 3) was generated with the help of the XOP Xtubex program [29,30] (note that we have converted
the photon flux units into the corresponding power densities). The MTFs of the source and the detector were both mod-
elled as Lorentzians, with the corresponding PSFs having the standard deviations of rS = 2 lm and rD = 10 lm, respec-
tively. For simplicity we assumed that these PSFs were the same at all wavelengths present in the incident spectrum. The
object was assumed to consist of Apatite with a transverse size of 1.6 · 1.6 mm2 and with maximum thickness variation of
	50 lm. The latter corresponds to the maximum phase shift of 10 radians and maximum absorption of 	30% (therefore,
the object could not be treated within the first Born approximation). The spatial distribution of the object thickness was
taken to be proportional to the standard ‘‘Lena’’ image. The distribution of the polychromatic (time-averaged) transmitted
intensity in the object plane was calculated using the projection approximation and the known complex refractive index
values for Apatite at energies corresponding to the incident spectral density within the range of 6–30 keV with 0.5 keV
steps [31]. Fig. 4(a) depicts the spatial distribution of the transmitted time-averaged intensity in the object plane before
the convolution with the system�s PSF, while Fig. 4(b) shows the same distribution after the convolution with the PSF.
The blurring of the image due to the convolution with the PSF is apparent. Note that in the object plane one has
M = 1 and, hence, r � rD, i.e., the blurring due to the source does not affect the image. Assuming the magnification value
of M = 2, we then calculated the optimal defocus distance R0

d according to Eq. (33); it was found to be equal to 2.84 cm.
This corresponds to the source-to-object and object-to-detector distances both equal to 5.68 cm. The corresponding pro-
jection image was calculated using Kirchhoff integrals for each monochromatic component, before summing up the
obtained monochromatic images with weights proportional to the spectral density of the incident radiation at appropriate
wavelengths. The standard deviation of the total PSF at M = 2 was equal to r ¼ ½r2

D þ ðM � 1Þ2r2
S�

1=2 ¼ 10:2 lm. The
resultant polychromatic projection image at R 0 = 2.84 cm convolved with the system PSF is shown in Fig. 4(c). It is easy
to see that it looks virtually identical to the transmitted intensity distribution in the object plane without the convolution
with the PSF, Fig. 4(a). In other words, in agreement with Eqs. (30)–(32), the effect of Fresnel diffraction at this distance
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Fig. 3. Spectral density distribution of X-ray radiation from a W tube operated at 30 kV.



Fig. 4. Time-averaged transmitted intensity distribution calculated assuming an extended isotropic X-ray source of approximately 4 lm size and the
energy spectrum shown in Fig. 3, the detector PSF of approximately 20 lm size, a homogeneous object consisting of Apatite with a transverse size of
1.6 · 1.6 mm2 and with maximum thickness variation of 	50 lm, and different effective defocus distances: (a) R 0 = 0, before the convolution with the
system�s PSF, (b) R 0 = 0, after the convolution with the system�s PSF, (c) R0 ¼ R0

d ¼ 2:84 cm, after the convolution with the system�s PSF, (d)
R 0 = 28.4 cm, after the convolution with the system�s PSF.
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has precisely cancelled the effect of the convolution with the PSF. As an additional illustration we calculated an image at a
longer propagation distance of R 0 = 28.4 cm and M = 2 (Fig. 4(d)). In this image the Fresnel diffraction already ‘‘over-
whelms’’ the effects of convolution with the PSF, and the Fresnel fringes near sharp edges can be observed despite the
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Fig. 5. Horizontal cross-sections through Fig. 4(a) (dotted line), Fig. 4(b) (dashed line), and Fig. 4(c) (solid line), taken at the same position marked with
the thick white line in Fig. 4(a).
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partially coherent nature of the incident illumination. Finally, in Fig. 5, we present linear cross-sections of Fig. 4(a)–(c) taken
horizontally across several fur strands on Lena�s hat at the same position marked in Fig. 4(a) by a thick white line. One can
see that the cross-sections of Fig. 4(a) and (c) match with high precision, while the cross-section of Fig. 4(b) is substantially
smoother due to the (uncompensated) effect of convolution with the PSF. This example demonstrates that a proper choice of
the defocus distance in projection imaging can indeed lead to the effective cancellation of the PSF-induced blurring by the
propagation-induced diffraction. An initial experiment confirming (albeit, somewhat indirectly) the presence of this effect in
hard X-ray imaging with spatially incoherent polychromatic microfocus sources can be found in [15].
5. Conclusion

We have obtained new analytical expressions describing the spectral density and intensity distributions of projection
images in the Fresnel region under polychromatic and spatially partially coherent Schell-model-type illumination. The
results are valid for objects that can be characterised by complex transmission functions with the attenuation and phase
representable as a sum of a slowly varying and a small term. Similar results have been obtained earlier in [1] in the case
of monochromatic radiation. The difference between those earlier results and the present ones are also in the explicit incor-
poration of the magnification M (which is due to the average geometric magnification of the image in the case of a small
source), incident spectral density distribution Sin (which depends on the degree of spectral coherence of the source and
other parameters), incident phase kwin (which depends on the coherent aberrations of the illumination system), the spectral
degree of coherence, gin, of the incident illumination (which is a function of the spectral density distribution in the source
plane and other parameters) and the detector PSF, D. We have shown that in some cases the effects of partial coherence,
which usually degrade the contrast and resolution of projection images, can be utilized to counteract the Fresnel diffraction
effects with the resultant images having higher spatial resolution and being free of diffraction fringes. These results can be
used for optimisation with respect to contrast, resolution and signal-to-noise of projection imaging systems using polychro-
matic spatially partially coherent incident illumination and position-sensitive detector systems [32,33].
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